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A general probabilistic theory of sign coincidences is described which is valid in all the centrosymmetric
space groups. The theory makes full use of space-group symmetry by means of suitable joint probability
distribution functions. The phase relationships obtained are in some way space-group dependent: their
estimation requires an appropriate use of space-group algebra.

1. Introduction

The method of coincidences was described by Grant,
Howells & Rogers (1957) for the application of the
Sayre relation S(H,)S(H,)~S(H, +H,) to projections
with symmetry pgg, pmg, and pdg. In their terminology,
if A and B are reciprocal vectors, the product S(A) x
S(B) can enter into a relation with several different third
terms S(C,), S(C,), etc., whose signs are said to coin-

cide: [S(C;)~S(Cy)... ] 4.5

A particular coincidence case is obtained for centro-
symmetric space groups when |Ey,|, |En,|, |En, +n,l
|En, -n,| are sufficiently large: in fact

S(H)S(H,)~S(H, +H,), (1a)

S(H,)S(H2)~S(H, —H,), (1b)
from which

S(H; +H;)~S(H; —H,). 2

Debaerdemacker & Woolfson (1972) have extended

the idea of coincidence to non-centrosymmetric space

groups in which there are translational elements of

symmetry. According to them, from a )  listing one
2

can deduce the existence of pairs of phase relations of
the general form

®p+ Bps(@,+ @)+ by >0, (3a)

(3b)

where the b’s are constant angles arising because of the
translational symmetry, and the B’s can be +1. By a
combination of (3a) and (3b) one obtains a general
relation between @, and ¢,:

(PP i_ (pq i (bprs i bqrs) ~ 0 . (4)

qo‘l + qus((P,- + (ps) + bqrs =~ 09

Debaerdemaeker & Woolfson (1972) supplied in
their paper a probabilistic theory of the coincidence
phase relations. In accordance with them, we refer to
P2,2,2,: let us consider the relations

Pp=1
{y=bp,—mn=1,
where b= +1 and m=0-1. P, and P, are the prob-

ability distributions for ¢, and {,, derivable from the
Cochran (1955) theory:

Py 2(@)=[2n1o(G)]~ ' exp [G cos (o —1)],

where (Karle & Karle, 1966) G =20505 ¥?|E E,E,|.

According to Debaerdemaeker & Woolfson (1972),
the strength of a coincidence phase relation depends
on the probability distribution P of the quantity
O=¢p,—{,:

szv" Pl(x)Pz(x+6)dx. (5)

In centrosymmetric space groups (5) is equivalent to
the statement: if P, and P, are respectively the prob-
abilities of the relations (1a) and (1b), the probability of
(2) is given by (Woolfson, 1961)

P=PP,+(1-P;)(1—-P,). (6)

Giacovazzo (1974a) showed that (6) is in contrast with
the Harker-Kasper inequalities, and that results are
misleading when |Ey,| or |Ey,| is small. We will show
in part II of the present paper that (5) may also lead to
wrong phase relations when |Ey,| and (or) |Ey,| are
small. The phase information deduced from weak re-
flexions H; and (or) H, is particularly important in
symmorphic space groups because it can lead to
relations such as

(pp - gq =T. (7)
Debaerdemaceker & Woolfson’s (1972) approach im-
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plies, on the other hand, that the probability distribu-
tions of ¢, in (3a) and ¢, in (3b) are independent in a
statistical sense: it is not then possible in principle to
obtain (7).

Formulae for linear combinations of two phases
which are structure seminvariant have been derived in
some space groups by Hauptman (1972) by means of
an algebraic approach. As the method requires knowl-
edge of the algebraic form of the structure factor, the
derivation of the phase values in any space group
requires an ad hoc mathematical treatment.

Although coincidence and seminvariant cosine
methods work on the same sets of phases, the conclu-
sive relations are not quite consistent. As far as we
know, no attempt has been made at explaining the
statistical meaning of the incongruence of the two
methods. The chief aim of the present paper is to derive
a probabilistic theory which generalizes Debaerde-
maeker & Woolfson’s (1972) results so as to give
improved estimates of the seminvariant cosines.

The probabilistic background employed in the
present paper assumes that the reciprocal vectors are
fixed and that the atomic coordinates are the primitive
random variables. Under this assumption two dif-
ferent mathematical methods will be used. The first
involves a Gram-Charlier expansion of the character-
istic function in terms of standardized cumulants. The
second uses the same cumulants, but directly in the
exponential expression of the characteristic function.
The resulting formulae obtained by means of the two
methods are not quite identical and require different
computation times. Both methods require the ability
to compute non-vanishing standardized cumulants for
every space group. Space-group algebra can provide
estimates of these cumulants: in both sections of the
paper, therefore, a number of appendices are devoted
to carrying out this algebraic analysis. We note ex-
plicitly that the mathematical approach stated in this
paper enables us to find the expected value of a semin-
variant phase from pairs of quartets as well as from
pairs of triplets. This theme will be the subject of a
future paper.

2, Preliminary remarks
Let the symmetry number of the actual space group
be denoted by m, and by C;=(R,, Ty), s=1, ..., m, them
symmetry operators. R; represents the rotation matrix

involved, T the column matrix of translation. As is
well known,

(8a)
(8b)

®H, +H, = PH, T PH,»

PHR, +H:R, = PH,R, T PHR,

if all the moduli of the normalized structure factors
involved in (8) are large enough. As

PHR; = P — 27HT,,
(8a) and (8b) become
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(P}h +Haz z(pﬂx +(pH2 >
OH,R, +HR, ~ Pn, +@u, —27(H, T, +H,T,),
from which

(pH1+H2—(PHIRP+H2R‘,_2n(H1Tp+H2Tq):0' (9)

From now on we will regard ¢y, + u, and @y,g,, +,r, a5
constituting a specially related pair of phases (s.r.p.p.):
their difference is a seminvariant phase. The value of
2n(H,T,+H,T,), in fact, depends on the fixed func-
tional form of the structure factor and is independent
of the choice of the cell origin. From (9) one derives
that an s.r.p.p. will give rise to a phase coincidence
(®n, +1,~ Qu,r, +n,r,) When all the magnitudes of the
normalized structure factors involved in (9) are large
enough, and 2n(H,T,+H,T,)=0. From the point of
view of direct methods, nevertheless, (9) is equally
useful both when a coincidence occurs, and when
2n(H,T,+H,T,) is not zero. In fact, the knowledge of
one phase of the two which constitute an s.r.p.p. al-
ways enables us to assign, from (9), a value to the other
phase. In conclusion, even if we continue denoting the
method as the ‘coincidence method’, its major goals
are: (1) the search of all the s.r.p.p.’s whose phases are,
statistically speaking, strongly related; (2) the estimate
of the probability and variance values joined with any
S.I.p.p.

Some other remarks about the method should be
made. In accordance with (5) and (9), Debaerdemacker
& Woolfson’s (1972) procedure derives the s.r.p.p.’s
from a Z listing made from the largest |E] magnitudes

2

alone. This procedure is unsuitable when one wants to

derive phase information from weak reflexions H, and

(or)H,. In fact in this case the derivation of the s.r.p.p.’s

from a complete ) listing would require too much
2

computer storage. A different procedure may be
suggested if one notes that the s.r.p.p.’s in (8) and (9)
are defined via the rotation matrices. One should then
try to exploit the algebraic properties of the rotation
matrices in order to derive the parities of the s.r.p.p.’s
in each space group and the nature of the vectors which
contribute to the value of each s.r.p.p. Based on these
principles an automatic procedure has been success-
fully carried out by Spagna & Giacovazzo (1976) which
works in all the space groups.

3. The mathematical approach

Suppose that a crystal structure consists of N identical
atoms in the unit cell and that m is the order of the
space group: t=N/m is the number of atoms in the
asymmetric unit.

The characteristic function C(uy, u,,...,u,) of the
multivariate distribution P(E,, E,, ..., E,)is given by

(10)

® S
Cuy, ..., u,) =€xp [Z t—“ﬁ]’

2v
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where

S‘. =f )"I'.SA. .
Ars...w are the standardized cumulants of the distribu-
tion. In accordance with our preceding papers (Gia-
covazzo, 1974a, 1975, 1976) the Fourier transform of
(10) is calculated via its Gram-Charlier expansion
(Klug, 1958).

W ofo apfs e
— 5 \Uu ) ...\ .
i FTSLs o] SN ea i i)

2
exp[—%{u$+...+uf}](l+ ;r?z + ?; K %i} +) (11)

The reader will find a detailed account of the method
in the quoted papers.

A second method will be used here which calculates
the sign relations directly from the Fourier transform
of (10). Details of the method are described in Appendix
C.

4. The distribution P(EHU Euz, E“I +Hzs E“l“p"‘ uzaq)
when the Gram—Charlier expansion of the characteristic
function is used

We introduce the abbreviations
E,=Ey, E;=Ey, E;=Ey, +n, E4=EH1R;.+H;RQ‘

In order to retain terms up to order N !, we derive
(see Appendices A and B)

S/t = —— [(itty) (i) (ius)

=N
+(—= 12T aTay ) (iuy) (iug) ],

S/t = % [Guy)*+ ... +(iug)*] + %(fu;]zliu_,_}l
{ L 1}2(H|Tp +HTg)
TN

p is a factor depending on the symmetry class: its
lowest value is —1/8, assumed, for example, in P1, but
it may be positive in space groups of higher symmetry.

The o and f factors depend on the symmetry class
as well as on the actual rotation matrices R, and R,.
For example, y=1 and «=0 when R, =1 and R,=—1
or vice versa; y=>2 and >0 in other cases.

After some calculation we derive

[y )P (ius) (iug) + (iuz)(ius) (iug)] .

1
P+ "_“'i""%lanh {m |E3E4|
" 1
1 +2H1{EI)H2(E2)fN+4G/N

1
"1+ B[H(E,) + H{E)]/N

X [2EIE3+(y—2) (E} + EH)—=2(y—1)] (= 1)*®:Ts " “:qu}.

(12)
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where H, is the Hermite polynomial of vth order
defined by the equation

v

H,(x)=(—1)"exp (3x?) ad; exp (—3x?).

P, represents the probability that S(H, + H,)S(H,R,+
HzRq] is posili\f’e when FE"J, IEH]L I'El'lx +“2[. |EH|RP+H;RQ|
are known.

We first make some remarks about the mathematical
form of (12). If N is large enough, the f# and « factors do
not play a critical role: their calculation, nevertheless,
may be very time consuming. A useful approximation
to (12) is therefore the simpler relation

1
1+2H,(E )Hy(E;)/N

x [2E3E3 +(y—2) (E}+E3)—2(y—1)] (—112‘"1“‘"”«'}.

|
P+ =2[_+_i [anh {E-N IEJE4|

(13)

in which we have fixed f~«~0. For the sake of sim-
plicity the same approximation will be used in fol-
lowing relations.

It is useful to compare (13) with the corresponding
sign relation derived from the use of (6). As

- [E2|

Fig. I. Two contours of (13) are shown when y=2, H,T,+ H,T,=0
(mod. I) and N =40. The broken line represents a contour of (14),
the shaded area is the region in which (13) is less than §.

7 ol

T T Y
1 2 3

Fig. 2. The broken line represents a contour of (14), the full lines are
two contours of (13) when y=4, H,T,+H,T,=0 (mod. 1) and
N =40. The shaded area is the region in which (13) is less than 4.
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P+ (EH1EH2EH1RP +H2Rq)

1
:%+%tanh [V—N IEHIEHZEH1Rp+H2Rq|(_ I)Z(HlT“HZTq{I’

by expanding tanh as far as the first power, we obtain
from (6)
P,=%+%tanh [‘E—ﬁil E2E}(— 1)2‘“‘7““2“)] (14)
+=27T2 N 142 .
When R,=I and R,= —1I, (14) is in contrast with the
Harker-Kasper inequalities and gives entirely mislead-
ing results when |Ey | or |Ey,| is small (Giacovazzo,
1974q). Presumably the same inconvenience should af-
fect any coincidence theory based on (6). The cases y=
2,4 in (13) are illustrated in Figs. 1 and 2, respectively,
when (H;T,+H,T,)=0 (mod. 1), and are compared
with (14). The same figures hold also when (H,T,+
H,T,)#0 (mod. 1) if we change P, into P_ values. We
observe that:(a) P, values smaller than 1/2 are not pos-
sible in (14) when (H,T,+H,T;)=0 (mod. 1). On the
other hand, (13) involves some regions of the (|E, |, |E,|)
plane in which P, <1/2, in accordance with Harker—
Kasper inequalities. These regions are shaded in Figs.
1 and 2. (b) When y=2, (13) agrees well with (14) solely
at high values of |E,| and |E,| [broken lines in Figs. 1
and 2 correspond to curves of (14)]. The behaviour of
(13) when y=4 is, on the other hand, remarkably dif-
ferent from that corresponding to y=2 (compare Figs.
1 and 2).
These considerations indicate that, unlike « and §, it
could be worth while calculating the y factor for each
pair (R,, R,) used in the coincidence procedure.

5. The distribution

P(EHp EHpEHl +H2,EH1Rp +H2Rg EH] +K» Eﬂz —Ky-: )
when K(R,—R,)=0 and when the Gram-Charlier
expansion of the characteristic function is used

Let us denote
H;+H,=U, HR,+H,R,=V.
In §2 we showed that
py—oy~2nH,T,+H,T,)

if |En,l, |En,ls |Eul, |Ev| are large enough.

The algebraic properties of the symmetry operators
C=(R,T) can in general allow more pairs (H;,H,) to
give information about the expected value of oy — oy.
A general way of obtaining these pairs is to calculate
the values

(15)

H,=H,+K, H,=H,—K
when K(R,—R,)=0. In fact the pair (H;,H}) satisfies
(15) and leads to

(DU_(pV=2n(H‘1Tp+H’2Tq)

if |[Ewy), |Ensls |Eul, |Ev| are large enough.
This result suggests that more exhaustive informa-
tion on an s.r.p.p. may be given by means of the dis-
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tribution

P(Eﬂp [ERX) EH1RP+H2Rq9 ves EH1+K,~, EHZ—Kja '-')

when K(R,—R,)=0 for each j.
After lengthy calculations we obtain

1 1
P,~3+3 tanhﬁ 0 |En, +n.En,R, +HaR,
X {Z [2El2'l,+KjElz-lz—Kj
i

+(Eft, +x,+ Efi,-x,) 0 —2)—20— 1)]
X (— 1)21(H: +K)Tp+ (2 ~K)Tal}

(16)
where

Q=1+2[Z (Elz"l1+Kj_1)(El?l2—Kj)]/N'
J

In order to obtain some insight into the nature of
(16) let us examine its practical application in a given
space group, for example P2,/c. By leaving out the
trivial case R,=1I, R,= +1, we shall devote our atten-
tion to the case in which

100
R,=I; R,=[0 10, T,=
00T

As y=2,(16) becomes

1 1
P, =%+%tanhm 0 |Ew, +u,En,R, +H:R,

X {2 Z (Elz*l; +KjElZ‘lz—Kj_ 1)
J

x (_ 1)2[(“1 +Kj)Tp+(H2—Kj)Tq]}.

(17)
Let us suppose, now,
H, +H,=(2,3,4), H;R,+H,;R,=(6,3,2).

As the vector K defined by the condition K(R,—R,)=0
is an (0,k,0) type vector, one obtains

H;=(4,k3), Hy=(-23-k]1), (18)

where k can assume any value. In Fig. 3 is shown a re-
gion of the reciprocal plane which contains the re-
flexions (18): as the sign probability of E, 3 4E¢ 3,2
depends on the distribution of the |E| values in the rows
defined by (18), we have marked this set in the figure
by full circles: the radius of any circle is proportional
to |E| of the corresponding reflexion. We observe that
the vectors H, + K, H, —K; are symmetrically related
by a centre located at (H; + H,)/2. For large values of
probability (P, or P_) the magnitudes |Ey, +k,En, -k
must be alternately large or small according to the
parity of H, —K;. In Fig. 3 is shown a situation favour-
able to large values of P.,.

Furthermore, it could be useful to note that if the
actual space group was P2/m, a situation favourable
to large values of P, would require large magnitudes
|Ex, +x,En, k| irrespective of the parity of H, —K;. On
the other hand, small |Ew, +x,En,-x,| magnitudes,
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o O
O [e]
[e] [e]

Fig. 3. Region of the reciprocal space defined by the reflexions
@,k,3)and (—2,3—k,1).

irrespective of the parity of H, — K, indicate in P2/m
the sign relation

S(H, +H,)S(H,R, + H,R))= —1.

This explains the effects of the translation components
of the symmetry operations in the coincidence method.

6. The coincidence probability when the exponential
form of the characteristic function is used

Appendix C shows that
P(Eﬂl, EHz’ EH[ +Ha» EH]Rp +H2Rq)
1
>~ (—2—7“172* exp { ——%(El?ll +...+ El%llnp'\“ﬂznq)

1 1
+ VN’ Ey,En,En, +u,+ W Ey,Eq,En,r, +H:R,

X ( _ 1)2(H|TP +H2Tq)

+% [(1 —y)+ @(Eﬁ, +E,2,2)]
_ 1)2(H.T,,+H2T,,)} .

(19)

Denoting by Ry the absolute value of Ey, from (19) we
obtain

X EH1+H2EH1R,,+H2R,,(

1

P, ~ Zexp(iB) cosh (Vlﬁ RH,RHZZ*), (20)
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where

B= N[(l -7+ (—2 )(Rﬁ. +RE,2):|
A X RH| +H2RH|RP+H2RQ(_ I)Z(HlTP+H2Tq)’

Zi = [RH1 +H> i(_ I)Z(HlTP+H2TQ)RH1RP+HzRq] ’

L=exp (+B)cosh (Vlﬁ RH,RH22+>

1
+exp (— B) cosh (T Ry,Ry Z').
N 1 2

We note explicitly that the value of y seems able
strongly to affect the probability values provided by
(20).

When the more general probability density

P(El'l]’ Eﬂz’ EH1+H2$ EH]RP+H2Rq9 ceey EH] +Kjs EHz-Ky "')

is explored provided K(R,—R,)=0 for each value of j,
the more exhaustive sign relation is found:

1 1
P:t jatd Zexp (iB) cosh (—l—/‘—ﬁ RH1+K1RH2—KIZ%)“'

x cosh (VIN RH,+KJ.RH2_KJ.Z;—')... , (21

where

o

+(— 1)2[(H1 +K;)Tp+(H2 ‘KJ)qu]
y—2 2[(H; +K1)Tp + (H2 —K1)Tg)
+(L2) -1 ’ :

X (Rl%ll'f'l(] +R|?|2—K1)+ e
(= [P KT+ M2 KOTHRE L RE )y .]}

[( _ 1)2[(H1 +K1)Tp+(H2"K1)Tq]+ .

X Ry, +u.Rur, +n:R,»
L=exp (+B) cosh (VIN RH1+K1RH2—K121+>...
1
x cosh (VN‘ Ry, +x,~RHz—K,~Zj+>...
1 -
+exp (—B) cosh (VN RH1 +K1RH2-K1ZI )

1 _
x cosh (VN Ry, +x,Ru,-x,Z; >,

Z§ = [Re, oy £ (— PO I (- K)Ta
X RH;RP +H2Rq] .

Details about the practical use of (21) and connexions
with (16) would make this paper dull reading and will
be described in a future paper.
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7. Conclusions

A theory has been described which, from the knowledge
of |[E|’s, derives a probabilistic value for the sign of the
product Ey, +u,En,r, +u.r, In particular, the theory is
able to give in symmorphic space groups relations of
the type

S(Hl +H2)S(H1RP+H2Rq)Z —_ 1 N

which are of great interest in direct procedures for
phase determination [see Schenk & de Jong (1973) for
the case R,=1, R,= —1I or vice versa].

The formulae which yield the sign of
EH1+H2EH1R +n,r, are expressed, as well as those
correspondmg to triplets Ey, Ey, Ey+y, in terms of the
hyperbolic tangent if the Gram—Charlier expansion of
the characteristic function is used. The sign relations
obtained via the Fourier transform of the original
expression of the characteristic function are more
complex than the preceding, but seem able to give
more accurate values of the coincidence probability.

This work was supported by the Consiglio Nazionale
delle Ricerche (grant No. 75.1066.05.115.4593).

APPENDIX 4

In the study of the multivariate distribution P(Ey,, Ey,,
Eq, +u, Enr,+nr,) some standardized cumulants of
low order have been used. With a view to deriving
them, the linearization theory of Bertaut (1959) will
be utilized. We consider here the vectors H;, H,,
H, +H,, H;R,+H,R, whose statistical weights equal
unity. In order to deal with special vector covariances,
algebraic considerations as in Giacovazzo (1974b,c¢)
are necessary
As is well known

mypio _ KEHyEHL)EMH, +H,)) 1
m3?z = m3? - l/m’

where £ is the trigonometric factor for the centro-
symmetric space group involved, m is the order of the
group. In an analogous way

Te = SEHEHL)EH, R, + HoR,))
1101 =

3/2

/11110=

(— 1)2(HT5 +HzTy)

/m

In fact, as
CEH,)EH)EH R, +H,R))>
= <1Z C[Hl(Rp - Rs) +H2(Rq —Rn)]
X €Xp [2ni(H1T3+H2T,,)]>, (4.1

(4.1) is not zero for R,=R, and R,=R,. Finally

l)Z(H,

A PROBABILISTIC THEORY OF THE COINCIDENCE METHOD. I

CEHL)EH,
=Z0)(—

)E(H;R,+H;R,))

Tp+H2Ty)

In order to derive the relation

(ypq=1if R,=Tand R, =

/12011 =

Mjo11
7

= Tpa _
vl

the other cases), we observe that

mao11 = {EMH)E(—

M1, 18 NOt Zero when

Is,nv

R,= -R

(@ R,=-R,,
(b)

The two cases coincide when

q°

R,=R,,

1)2(“1

Tp +HTy)
s

X €Xp {27”[H1(Ts+Tn_Tu)+H2Ts]}>

R,=R,;

— m( _ 1)2(H1Tp + Hqu).

(4.2)

—1I or vice versa; y, ,=2 in

H,)¢(H; +H,)S(H, R, + H2R,))
=< i ¢[Hy(R,+R;+R,+R,)+H,;R,+R;)]

(4.3)

R,=-R,, R,=—R,.

R,=I and R,= -1 or

vice versa: the statement y=1 is thus justified in this
case.

Nevertheless y may be larger than 2. In symmetry
classes mmm, for example, in which the rotation com-
ponents of the symmetry operations are

100 100 100 100
R;=[010, R,={010], Ry3=|0 1 0], Ra=[0 1 0f,
001 001 001 001
100 100 100 100
R5=0 1 (_), R6=0 1 9, R-/:O 1 9, Rs-_—o 1 0,
001 001 001 001
y=4ifp =2,3,4;y=1ifp=1,q9=5;y=2if p=1,
=6,7 8 In fact when p=1 and ¢=2, for example,
( .3) does not vanish when
Rs=_R2’ Rn=R2, Rt):Rla
Rsz_RZ, Rn=R5: RD=R6’
Rs=_R2’ R,,-_—Rg, R0=R33
R,=—R;, R,=R,, R,=R,.

Some multivariate distributions studied in this
paper involve a vector K which satisfies the condition
K(R,—R,)=0. On the basis of the linearization theory
it is a straightforward task to verify the relation

EH; +K)E(H; —K)(H R, + HoR,)>

=< i i[Hl(Rp+Rs)+H2(Rq +Rn)+K(RS_Rn)]

x exp {2ni[(H, + K)T,+(H, _K)Tn]}>

= m(— 1)+ KTy + H:— KTy,
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In a similar way we derive the relation
(&(H; +K)¢&H, —K)S(H,)E(H,))
=< S ¢[H,0I+R,)+H,R,+R,)+KI-R,)]

1p,qv

X exp {27ri[H1T,,+H2(Tq+Tv)—KTq]}>. (4.9)
IfR,= —Iand R,= —R,, the value of (4 .4) equals
<;5[K<I —R,)exp (- 2m‘KTq)]> = E(K)=pim. (4.5)

q

If K is a zero reflexion (px =0), (4.5) vanishes.

APPENDIX B

In this Appendix the values of some standardized
cumulants are calculated whose estimate is not critical
in order to define the coincidence conditions for an
s.r.p.p. Their estimates however may be of some interest
from an algebraic point of view. From the S, definition
in §4,

where

Moo22 —Moo20Mo002
m? )

L0022 = (B.1)

If we limit ourselves to the simple case in which R,=1,
R,=R; Then

Moo22 =<52(H1 + Hz)éz(Hl +H;R,)>

=< Z (H,T+R,+R,+R))
1p,n,q

+H,(R;+R,+RR,+R))]
xexp {2ni[H (T, +T,+T,)+HT,+RT,+T,)] >
(B.2)
(B.2) does not vanish when
R,=-R,, R,=-L (B.3)

The combinations in (B.3) give a contribution equal
to m?, which, substituted in (B.1), make (B.1) zero.
If R, is a proper or improper rotation matrix of a
symmetry element of order two, additional combina-
tions exist besides those described by (B.3). In fact
(B.2) does not vanish also when

—R,—R,=I+R,=R{(I+R,),
(B.4)is verified when
R,=R;, R,R.=I,
which involves in its turn the condition
R2=I. (B.5)

(B.5) s just the condition which denotes the symmetry
elements of order two.

R,# —1. (B.4)

537

So, in symmetry class 2/m we have, when s=3,4,
Moo22=24, Aoo22=1/2;
in mmm
Aoo22=25/4 when 5=234
Aoo22=0  when s=5
Aoo22=1/2 when s5=6,7,8.

It is worth while spending some time on the factor 8
which appears in the S, definition. We find

_1 As00...
ﬁ—t 4'0'!0!...°
where

2
1 _ Myoo...—3M300...
400...= 7 .

Mm3o00

The moment my,qo. .., in its turn, is defined in any
space group by

<EHH)> =<

m

Y ¢(H(I+R,+R,+R,)]

1p,q,v

X exp {27ti[H(Tp+Tq+Tv)]}>. (B.6)

Expression (B.6) is non-zero for all combinations of

the rotation matrices for which
I+R,+R,+R,=0.

Condition (B.7) is valid, for example, when

(B.7)

(@ R,=-I, R,=—R,
) R,=-I, R,=—R,
(¢ R,=-I, R,=-R,.

Excluding equivalent combinations, we obtain a total
of 3(m—1) solutions to (B.7). In accordance with this
result, in symmetry classes 1 and 2/m, (B.6) equals 6
and 36 respectively. Further combinations, never-
theless, add to the combinations in (a), (b), () for space
groups with higher symmetry. For example, in class
mmm

ER=2Tm>3(m—)m:
the additional combinations are
R,=Rs, R,=R;,R,=R;; R,=R¢,R,=Rg, R,=R;
R,=R;,R,=Rs, R,=Rg; R,=R;,R,=Rg,R,=R¢
R,=R;s,R,=R4,R,=R;; R,=Rg,R,=R;,R,=Rq.

For a space group of order m, therefore, > — 1/8N. We
indicate explicitly that one may have > 0:in symmetry
class mmm, in fact, = + 1/8N.

APPENDIX C
Denoting

E,=Ey,, E;=Ey,,
E,=Eqy,p, +nr,, f=2H,T,+H,T),

Es = Em +Haz»s
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their probability density function may be written

(2717_’._ ...Jexp[—%(uf+...+ui)

—i(Elul +... +E4u4)

P(El""7E4) =

i i
- V—A—’ UylaUz — W(— 1)fu1“2u4
—’ﬁ (— 1) Pusuy + u§u3u4):| du, duydusdug. (C.1)

The integration of (C.1) with respect to uz and uy is
readily carried out:

P~ @lﬁexp[—wmm

+ oo
XJ J exp[—%(uf+u%)—i(E1u1+E2u2)

1
- V—ﬁulqu:;— VN

— (= 1)f(u§+u%)E3E4].

(— l)fu1u2E4

(C.2)

The integrations of (C.2) with respect to u; and u, are
carried out by means of the expansion

exp [— %(— 1) E3E4u}]

b
~1— S (= WV EsEa +..., (C.3)

and by means of the integral relation

+ o
J‘ x2 exp (— pux? + 2vx)dx

1

=3 <1+2 )exp (v¥/w).

A PROBABILISTIC THEORY OF THE COINCIDENCE METHOD. I

Finally, we obtain

1
P_(zn) [1+( 1)f< N )E3E4

+(=1) 5n 7 L E3EsEs— (—1)f( N)E2E3E4}

1
X eXp [—%(Ef+...+Eﬁ)+ V—A—IEIEZE3

VN( 1Y (E,EoEq - 5 (~ )VES E3E4],

which, by means of (C.3), reduces to (19).
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